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Abstract

Next-token prediction (NTP) learns semantics remarkably well for language, video, and audio—yet fails for dynamical systems
and protein folding, where reinforcement learning and structured search become necessary. We propose an explanation: the
smoothness of the syntax-to-semantics map. In language, most local token perturbations preserve meaning; the map is Lipschitz-
continuous on average. In dynamical systems, a single changed coefficient can trigger bifurcations, chaos, or divergence—the
map has high, often unbounded, Lipschitz constant. We formalise this as perturbation sensitivity R, argue it determines which
learning paradigm a domain requires, and discuss implications for building foundation models in structure-sensitive domains.

1 Introduction

Language models trained via next-token prediction acquire far more than surface statistics—they learn factual knowledge,
reasoning patterns, and representations that transfer across tasks [3]. Similar success extends to video, where next-frame
prediction yields models with implicit physical understanding [5], and audio [2]. Yet NTP conspicuously fails in other domains:
protein language models learn useful sequence representations but cannot predict structure or function from sequence alone
with the accuracy of specialised systems [[10], and autoregressive models over symbolic equations require carefully designed
curricula and architectural choices beyond raw next-token prediction [7]]. Progress in these domains has required reinforcement
learning, search, or explicit structural supervision 15} 6]].

We propose a simple explanation. In language, most small perturbations to a token sequence produce only small changes
in meaning—replace “cat” with “dog” and the semantics barely shifts. The syntax-semantics map is smooth, so a model
minimising token prediction loss implicitly navigates a well-behaved semantic landscape. In dynamical systems, a single
changed coefficient can transform a stable equilibrium into chaos [[16]. The syntax-semantics map is sensitive: nearby points in
token space can be arbitrarily far apart in behavioural space. NTP provides no pressure to learn these distinctions.

2 The Smoothness Hypothesis

Consider a domain with a syntactic space S of token sequences, a semantic space M of meanings or behaviours, and a syntax-
semantics map ¢ : S — M. Since S is discrete, we define perturbation sensitivity as the worst-case semantic change under a
single-token edit. Let N'(s) = {s’ € S : ds(s, s’) = 1} be the edit-distance-1 neighbourhood of s. Then:

k(s) = sup dm(e(s), (")) k=Esps)[r(s)] (D
s’eN(s)

where p(S) is the natural distribution over expressions in the domain. To make this concrete: for language, ds is token edit
distance and d »4 is cosine distance in a sentence embedding space; for dynamical systems, ds is token edit distance on symbolic
equation strings and d , is L? divergence of simulated trajectories.

Hypothesis 1 (Smoothness Hypothesis). NTP is an effective learning signal when the average perturbation sensitivity K is
bounded and small. When & is large or unbounded, learning requires paradigms that evaluate semantic correctness directly:
RL, search, or constrained generation.
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2.1 Why Smoothness Enables Next-Token Prediction

When a model is trained to predict the next token, it minimises cross-entropy over the token distribution:
Lntp = —Esup(s) Z log po(st]s<t) (2)
t

If & is small, then for a typical expression s, all single-token edits s’ € N (s) produce semantically similar outputs:
dpm(p(s),d(s’)) < & on average. Syntactic neighbourhoods are semantically coherent. This has a direct consequence for
learning: the NTP objective, a purely syntactic, token-level loss, becomes a faithful proxy for semantic quality. A model
that learns to predict tokens well in a neighbourhood of s is implicitly learning about the meaning of that neighbourhood,
because low K guarantees that syntactically similar sequences carry similar meaning. Each training example provides semantic
information about its entire edit neighbourhood, so sample efficiency improves as < decreases.

Compression as a semantic objective. This leads to the central claim. Minimising Cnrp is equivalent to maximising
compression of the token sequence. When ¢ is smooth, the statistical regularities that enable compression—co-occurrence
patterns, distributional similarities, contextual predictability—are entangled with semantic regularities. The model cannot
discover that “mat” and “rug” are distributionally interchangeable without implicitly learning that they are semantically similar:
the Lipschitz condition guarantees that their distributional similarity reflects semantic similarity, not coincidence. The optimal
compressor must therefore encode semantic structure, because semantic structure is what makes the data compressible.

This is stronger than the geometric property alone. The Lipschitz bound tells us that syntactic proximity implies semantic
proximity. The compression claim goes further: it asserts that optimising the NTP objective forces the model to discover and
internalise these semantic relationships, because they are the source of the statistical regularities that reduce cross-entropy.

When smoothness fails. When ¢ is non-smooth (% large or unbounded), this coupling between compression and un-
derstanding breaks. Two equations differing by a single coefficient can exhibit qualitatively different dynamics, so syntactic
proximity carries no semantic guarantee. A model can achieve excellent perplexity on symbolic equation strings by learning
operator frequencies and syntactic patterns without learning anything about the dynamical behaviour those equations describe.
Compression and understanding decouple: the statistical regularities that enable compression are no longer entangled with
semantic structure, but are merely surface-level patterns.

A note on metric-dependence. The value of K depends on three choices: the tokenisation of S, the distance daq on
semantic space, and the distribution p(S). Different tokenisations of the same domain yield different #: BPE tokenisation of
equations produces a different sensitivity profile than tree-structured tokenisation. This is not a weakness of the framework but
its constructive implication. If K were an intrinsic property of the domain, there would be nothing to do about it. Because it
depends on representation, reducing k through better representations becomes a concrete engineering objective. Representation
engineering, finding tokenisations, embeddings, or compositional languages that make the syntax-semantics map smoother, is
essentially then the search for representations that minimise .

3 Sensitivity Across Domains

Natural language (low <). Most single-token substitutions yield near-synonyms, coherent alternatives, or detectable errors—
all with small semantic distance. The exceptions (negation, quantifiers) are statistically rare. This is not accidental: languages
evolved for robust communication in noisy channels [4].

Video and audio (low-moderate <). Sensory signals are produced by continuous physical processes, so small perturba-
tions in pixels or waveforms correspond to small changes in scene content. Tokenised representations inherit this when the
tokeniser is well-trained.

Dynamical systems (high k). The symbolic description of an ODE maps to its behavioural semantics—trajectories,
attractors, stability. This map is dramatically non-smooth: changing p in the Lorenz system from 24.05 to 24.74 transitions
from a stable fixed point to chaos [16]. Changing “+” to “—” in an ODE can transform stable orbits into divergence. The
Lipschitz constant is unbounded near bifurcation points, and such sensitive points are dense in the space of dynamical systems.

Protein sequences (high ). Single amino acid substitutions can cause misfolding or loss of function [18]]. Epistasis
makes mutation effects strongly context-dependent. The sequence-to-function landscape is rugged with many local optima
[12]. Protein language models learn useful representations via NTP but cannot predict structure alone—AlphaFold required
geometric supervision [6].

Code: a revealing challenge. Code appears to contradict the hypothesis: changing < to <= or + to — can completely
alter program behaviour, suggesting high <. Yet NTP-based models generate remarkably competent code. The resolution



highlights an important refinement: & is computed under the natural distribution p(S), not uniformly over all possible edits.
The distribution of real code is concentrated on a submanifold where the map is better-behaved—there are many equivalent
ways to write the same program, strong naming conventions create redundancy, and most code follows well-established patterns.
NTP succeeds on code not because the map is globally smooth, but because the prior is concentrated on regions where it is
locally smooth. Critically, NTP-only code models still fail on the non-smooth tail: edge cases, off-by-one errors, and subtle
logical bugs—precisely the cases where execution feedback (a semantic signal) is needed.

Table 1: Domain sensitivity and appropriate learning paradigms

Domain R Required paradigm

Natural language Low Next-token prediction

Audio / video Low—Med NTP + perceptual losses
Code Medium  NTP + execution feedback
Theorem proving High NTP + proof search

Protein structure High NTP + geometric supervision

Dynamical systems  Very high  NTP + RL + structure search

4 From Local Syntax to Global Semantics: Why RL and Search Are Necessary

If NTP fails in non-smooth domains because its gradients are semantically uninformative, what makes reinforcement learning
and search succeed? The answer lies in where the learning signal originates—and how it relates to the syntax-semantics map

0.

4.1 The Gradient Alignment Problem

NTP computes gradients of the form OLntp/06. These gradients point toward better foken prediction—they tell the model how
to adjust its parameters so that the next token is more likely under the training distribution. When ¢ is smooth, better token
prediction implies better semantic quality (Section : the NTP gradient is aligned with the semantic gradient 9 Lemantic /99.

When ¢ is non-smooth, this alignment breaks. The NTP gradient and the semantic gradient can point in completely different
directions. A parameter update that improves token prediction for an equation string may make the predicted dynamics worse,
because the relationship between syntactic likelihood and dynamical behaviour is arbitrary near bifurcation points. Gradient
descent in token space is semantically blind—it optimises a proxy that has lost its connection to the quantity of interest.

4.2 RL Bypasses the Non-Smooth Map

Reinforcement learning resolves this by computing a learning signal that originates in semantic space, not syntactic space.
Policy gradient methods (REINFORCE [20], PPO [[14]) estimate OE[R]/06 by:

1. Sampling complete outputs from the model: generate a candidate equation, protein sequence, or game trajectory.

2. Evaluating each output semantically: simulate the equation and compare to observed data, predict the protein’s 3D structure,
play out the game to a terminal state.

3. Using the evaluation as reward: weight the gradient of the generation probability by the semantic quality of the result.

Crucially, sampling-based policy gradient methods never differentiate through ¢. They evaluate ¢ at sampled points, requir-
ing ¢ to be computable, not smooth. The reward R(¢(s)) is obtained by running the semantics (simulating, folding, playing),
not by assuming any local structure in the syntax-semantics map. A single changed coefficient that produces chaos instead of
stability will receive a low reward, and the policy gradient will steer away from it, something NTP gradients cannot do, because
the token-level loss sees no difference. (Differentiable simulation can provide gradients through ¢ directly, but this requires
¢ to be at least locally smooth, returning us to the same constraint that limits NTP. The advantage of sampling-based RL is
precisely that it avoids this requirement.)

4.3 Search Handles Rugged Reward Landscapes

Even with a semantic reward signal, the reward landscape over the space of candidate outputs can be rugged: many local
optima, plateaus, and discontinuities. A model generating equations token-by-token faces a combinatorial space where most
paths lead to semantically poor outputs, and the few good outputs are separated by large syntactic distances.



Search methods—Monte Carlo tree search [[15]], beam search with semantic scoring, evolutionary algorithms—address this
by exploring the output space globally rather than following local gradients. MCTS, as used in AlphaGo, evaluates many
candidate continuations through simulation (rollouts), then selects the most promising branch. It does not need the value
function to be smooth—it queries it at discrete points and uses the values to guide exploration. This is maximally robust to
non-smoothness: even if nearby positions have wildly different values, search will discover this through evaluation and act
accordingly.

The combination of RL and search is more than additive. RL trains a value function Vy(s) ~ E[R|s] that learns to
approximate the non-smooth syntax-semantics map through direct experience. Search then uses this learned value function to
explore efficiently. The value function does not need ¢ to be globally smooth—it builds a local approximation from semantic
evaluations, effective precisely in the regions the search visits.

4.4 Self-Play as Adaptive Semantic Curriculum

AlphaGo introduced a further insight: self-play generates an adaptive curriculum in semantic space. Rather than training
on a fixed dataset (as NTP does), the agent generates its own training signal by playing against itself. Each game produces a
semantic evaluation (win or loss), and as the agent improves, it encounters increasingly difficult semantic challenges—positions
that require finer distinctions, deeper lookahead, and more precise evaluation.

This matters because non-smooth domains have vast semantic spaces that no fixed training corpus can cover. In dynamical
systems, the space of possible behaviours (stable, periodic, chaotic, divergent) is enormous, and the boundaries between them
are fractal in structure. A fixed dataset of (equation, behaviour) pairs will inevitably miss critical boundary regions. Self-play—
or its analogues in other domains, such as iterative refinement with simulation feedback—generates training signal where the
model currently fails, concentrating learning on the semantically difficult regions.

4.5 The Paradigm Spectrum

These observations suggest a spectrum of learning paradigms, ordered by how much of the semantic evaluation they internalise:

1. NTP: Learning signal is purely syntactic. Requires ¢ to be smooth for semantic learning to occur as a byproduct of
compression.

2. Behavioral fine-tuning: Adds a semantic loss (simulation error, structural accuracy) but still uses gradient-based optimisa-
tion through the model. Requires ¢ to be at least locally smooth near good solutions.

3. RL with semantic reward: Learning signal is semantic, estimated through sampling. Requires ¢ to be evaluable, not
smooth. Handles non-smooth maps but can struggle with sparse or deceptive rewards.

4. Search with learned value function: Explores the output space globally, guided by a learned semantic evaluator. Maxi-
mally robust to non-smoothness. The AlphaGo paradigm.

This progression mirrors observed practice across domains. Language: NTP alone suffices (smooth ¢). Code: NTP +
execution feedback, i.e., behavioural fine-tuning (moderately non-smooth). Protein structure: NTP pretraining + geometric
supervision, i.e., semantic loss (non-smooth). Game playing: NTP-style imitation learning + RL + MCTS (highly non-smooth).
Dynamical systems: the full stack—NTP pretraining for syntactic priors, RL for semantic reward, search for global exploration.

4.6 Evidence from Within Language: The Smoothness Gradient

A striking confirmation of the paradigm spectrum comes from the evolution of large language models themselves. Language
is not uniformly smooth—it contains regions of varying perturbation sensitivity, and the history of LLM development traces a
path through exactly the paradigm progression predicted by the smoothness hypothesis.

NTP era (GPT-2). Pure next-token prediction produces fluent text, coherent paragraphs, and basic factual recall [13]].
These are the smooth regions of language: tasks where most token substitutions preserve the essential meaning, and where
compression is a reliable proxy for understanding. GPT-2 excels at pattern completion, stylistic imitation, and simple question
answering—precisely the tasks where the syntax-semantics map is locally smooth.

RLHF era (InstructGPT, ChatGPT). To follow instructions reliably and align with human intent, NTP alone proved
insufficient [[11]. The problem: instruction following occupies a less smooth region of language. The difference between
“summarize this article” and “don’t summarize this article” is a single token, but the required behaviour is completely different.
Subtle phrasing changes—hedging, negation, scope ambiguity—can flip the intended semantics while barely changing the
token distribution. RLHF provided what the smoothness hypothesis predicts: a learning signal rooted in semantic evaluation
(human preference judgments) rather than token-level prediction.



Reasoning era (o1, 03, extended thinking). Mathematical reasoning, multi-step logic, and complex planning represent
the least smooth regions of natural language. A single error in a chain of deductions invalidates the entire argument. The map
from a reasoning trace (syntax) to its correctness (semantics) is highly non-smooth: two proofs differing by one step can be the
difference between valid and invalid. The latest frontier models address this with inference-time search—generating multiple
reasoning paths, evaluating intermediate steps via process reward models [9], and backtracking from errors. This is structurally
analogous to MCTS: the model explores a tree of possible continuations, guided by a learned value function (the model’s own
assessment of whether a reasoning path is on track).

Chain-of-thought as smoothing (a conjecture). We might conjecture that chain-of-thought prompting [[19] can be un-
derstood as a technique for reducing the effective perturbation sensitivity of a task. Instead of mapping directly from question
to answer, a potentially non-smooth map, the model decomposes the task into intermediate steps: question — step; — stepo
— -+ — answer, where each individual step is a locally smooth mapping even when the end-to-end map is not.

Admittedly, this conjecture might only be directionally correct and not entirely true. Since, if each step 7 has sensitivity
ki, the composed sensitivity is bounded by [ [, x;, which can most likely exceed the end-to-end sensitivity. In that case de-
composition makes it worse. In that case, decomposition only works if the intermediate representations genuinely factor the
problem into locally smooth sub-problems rather than merely distributing the non-smoothness across more steps. It could be
an interesting research topic to try to formalise when this holds, to then better understand when and why decomposition, and
chain-of-thought, works.

Combined the above points, provide a unifying lens: the entire trajectory of LLM development, from GPT-2 through RLHF
to reasoning models, is a progressive response to the non-smooth regions of language. The smoothness hypothesis is not just
a cross-domain phenomenon (language vs. dynamical systems); it operates within language itself, explaining why increasingly
powerful methods are needed for increasingly difficult tasks.

5 Discussion

5.1 NTP-Based Compression Does Not Imply Understanding

A prominent view in Al research holds that compression and intelligence are equivalent: a model that compresses data well must
understand its structure [8]. An important distinction is necessary here. The compression-intelligence thesis in its strongest
form refers to Kolmogorov complexity, the length of the shortest program that reproduces the data. A Kolmogorov-optimal
compressor, by definition, captures all computable structure, including semantic structure, regardless of smoothness. Our claim
is not about this idealised notion.

Our claim is about NTP as a specific, bounded compression algorithm. NTP minimises cross-entropy over token sequences,
a particular compression procedure that operates locally in token space via gradient descent. When the syntax-semantics
map is smooth, this specific procedure is forced to discover semantic regularities, because syntactic patterns are semantic
patterns: the model cannot achieve low perplexity without learning that “the cat sat on the mat” and “the cat sat on the rug” are
distributionally similar because they mean similar things. The Kolmogorov-optimal compressor would discover this regardless
of smoothness; NTP discovers it only because the smoothness of language makes token-level compression a reliable proxy for
semantic modelling.

In non-smooth domains, NTP-based compression and understanding decouple. A model can achieve excellent perplexity
on symbolic equation strings by learning syntactic patterns—operator frequencies, variable naming conventions, common co-
efficient ranges—without learning anything about the dynamical behaviour those equations describe. Two equations differing
by a single coefficient may be dynamically unrelated (one stable, one chaotic). NTP compression exploits syntactic regular-
ity; understanding requires semantic structure. A Kolmogorov-optimal compressor would capture both, but NTP—operating
locally in token space—captures only the former.

This resolves an apparent puzzle: why does scaling up protein language models improve sequence-level metrics without ap-
proaching AlphaFold-level structure prediction? Because the sequence-to-structure map is non-smooth, and NTP compression
of amino acid sequences does not force the model to learn the physics of protein folding. AlphaFold’s breakthrough required
direct structural supervision: a learning signal rooted in semantics, not syntax.

5.2 Nuancing the Bitter Lesson

Sutton’s “bitter lesson” [[17] argues that general methods leveraging computation—search and learning at scale—ultimately
outperform methods that leverage human domain knowledge. The smoothness hypothesis adds an important qualification: in
smooth domains, scale alone suffices—more compute, more data, bigger models. The bitter lesson holds in its strongest form.



In non-smooth domains, representation and structure matter—the right inductive biases, the right search strategy, the right
compositional language are not luxuries but prerequisites. The lesson is not equally bitter for all domains.

This is consistent with the empirical record. Pure scaling has produced remarkable results in language and vision—domains
where the syntax-semantics map is smooth. In Go, chess, and protein folding—domains with high perturbation sensitivity—the
breakthroughs came not from scaling alone but from combining learned models with structured search (MCTS in AlphaGo
[L5])) or domain-specific architectures (equivariant networks in AlphaFold [6]).

5.3 Relation to Representation Learning

The idea that smoothness matters for learning is not new. The smoothness assumption is a foundational prior in representation
learning [1], and the manifold hypothesis—that high-dimensional data concentrates on low-dimensional smooth manifolds—
underpins much of modern deep learning. Our contribution is not the observation that smoothness enables learning, which is
well-established, but its specific application: explaining why next-token prediction succeeds as a semantic learning signal in
some domains and fails in others, and connecting this to the NTP — RLHF — RL+search progression both across domains and
within language itself.

6 Conclusion

The smoothness hypothesis offers a unified explanation for why NTP succeeds in some domains and fails in others: it depends
on whether the syntax-semantics map is locally smooth. For structure-sensitive domains like dynamical systems, the path
forward is not simply scaling autoregressive models. It requires direct semantic evaluation, structured search, and—most
importantly—representations engineered to make the syntax-semantics map as smooth as possible. Finding the right language
for a domain is not convenience; it is a prerequisite for learning.
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